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Introduction
The theory of poroelasticity addresses the time-dependent coupling between the deformation of a porous material and the fluid flow inside it. This problem was originally studied by Terzaghi in [12] , although the general statement was given by Biot through several pioneering papers [3, 4] . Bear [2] established a similar model for the problem of filtration and consolidation with a slightly different interpretation of the coefficients. Biot's model is formulated as a system of partial differential equations for the unknown displacement and pressure and is widely used to study various problems in geomechanics, hydrogeology, petrol engineering and, more recently, biomechanics. From the numerical point of view, different types of discretization methods have been used by several authors to approximate the solution of the consolidation model. For instance, time-stepping integration schemes combined with finite differences in space or with Galerkin finite element methods can be found in [5, 6, 9] . These produce spurious oscillations in the numerical approximation of the pressure field at the beginning of the consolidation process if standard discretizations are considered. To avoid this unrealistic behaviour various alternatives have been proposed. Finite elements with a different order of polynomial interpolation spaces (generally displacements are discretized with polynomials of one higher degree than those used for pressure) were proposed by Murad et al. [8] . Using finite differences methods, we have proved (see [6] ) for the 1D problem that central differences discretizations on staggered grids produce stable algorithms, which are convergent with order two in the discrete energy norm for displacements and in the discrete L 2 -norm for pressure and stress. The one-dimensional flow through a deformable thin piece has been widely studied analytically and numerically. However, despite its practical interest in filtration [13] and also as a simple model of arterial wall permeability, there are not many results on the numerical approximation of deformations in radial flow problems. The flow through an unconfined cylindrical shell of a porous and deformable material was considered in [7] , whereas the radial flow through cylindrical and spherical shells was studied by Barry [1] and Wang [13] . In this work, we aim to construct robust numerical schemes with good approximation properties at any instant of the process (for example 0 < t << 1).
In this paper, we investigate the finite difference discretizations of Biot's model for several types of radial flow. In Section 2, the model is formulated by means of a system of partial differential equations incorporating an integer parameter n (see also [1] ) so that for n = 0, 1, 2 the equations correspond, respectively, to the one-dimensional flow through a deformable slab, the radial flow through an elastic cylindrical shell, and the radial flow through an elastic spherical shell. In Section 3, we introduce a finite difference discretization on staggered grids which is analysed in discrete energy norms [11] . The last section shows numerical experiments. We work on two model problems for different values of the parameter n and with different grids. These experiments confirm numerically the theoretical results.
Governing equations
Let Ω be a bounded domain in R d , d 3, which is filled by a porous and permeable elastic matrix saturated by a viscous and slightly compressible fluid. Neglecting inertia effects, the classical Biot system of equations describing the interrelation between solid displacements u and fluid pressure p are given by
where λ and µ are the Lamé coefficients and α is the Biot-Willis constant that we will suppose equal to one. The coefficient γ > 0 is the product of the porosity of the solid matrix and the compressibility coefficient of the fluid. The coefficient κ is the effective permeability of the porous medium. We also suppose that the internal forces in the solid vanish, i.e., g(x, t) = 0. Some interesting 1D problems appear when we consider the following cases: a) The uniaxial strain problem where stresses, displacements, strains and pore pressure only depend, due to symmetry, on one space coordinate.
b) The radial flow through a cylindrical or spherical shell where the only nonzero displacement occurs in the radial direction and the pore pressure only depends on the radial distance and time. In this case, the strain and stress components written in polar or spherical coordinates, depend on the radial displacement and the radial coordinate. The unified formulation of the poroelastic equations for all the previous cases is given by
where n = 0, 1, 2 correspond to planar, cylindrical and spherical geometries respectively, and R 1 > 0 for n = 1, 2. The boundary and initial conditions that we consider for our analysis are
where σ rr = (λ + 2µ)∂u/∂r + λnu/r is the radial stress component. Note that in the planar case σ rr = σ with σ = (λ+2µ)∂u/∂x, x ≡ r. For later use we recall that in polar coordinates (r, θ) and spherical coordinates (r, φ, θ) the stress component σ θθ is given by
and due to spherical symmetry, σ φφ = σ θθ . All other stress components are zero. In order to simplify the forthcoming analysis, we carry the problem to dimensionless form using
The governing equations (1) and the boundary and initial condition (2) can then be written
where
,
are dimensionless parameters. The dimensionless stress components are given by
and
We transform problem (3) into an equivalent problem with homogeneous boundary conditions. For the new unknownû = u +ũ, withũ = m 1 r + m 2 /r n and
we obtain the following problem where the new unknownû is denoted again u,
Let H be the set of square-integrable scalar-valued functions defined on (R 1 , 1), with scalar product and norm
and V = {u ∈ H|u r ∈ H}. On H we consider the operator A given by the following equivalent forms:
We also consider the operator Bp = −r −n ∂ (r n ∂p/∂r) /∂r with domain
The coupling terms in (4) are associated with the operators Gp = ∂p/∂r and Du = r −n ∂(r n u)/∂r, related by the relation (Gp, u) = −(Du, p), for all (u, p) ∈ D(A)×D(B). Given s ∈ H and f : (0, T ) → H sufficiently regular, the differential-operator form of problem (4) is to find (u, p) :
For a solution (u, p) of (5), it is straightforward to obtain the a priori energy estimate
where ||w|| 2 R = (Rw, w) is the associated norm for the selfadjoint and definite positive operator R. Estimate (6) ensures stability with respect to the initial data (u(0), p(0)) the and right-hand side f (t).
Staggered grid discretization

Grid-functions and grid-operators
Let N be a positive integer and h = N −1 . We define two different grids ω p and ω u to approximate the pressure and displacement fields respectively,
The grid points on ω u are shown in Fig. 1 by small circles whereas the grid points on ω p are shown by filled circles. We define the Hilbert space H ωp of the discrete functions p i = p(r i ), r i ∈ ω p , and the Hilbert space H ωu , of the discrete functions u i = u(r i ), r i ∈ ω u with inner products given by
The associated norms are denoted p ωp and u ωu respectively. Let H 0,ωp be the subspace of H ω p consisting of functions p such that p 0 = p N = 0.
Before defining the discrete operator A that approximates the differential operator A, we choose appropriate discretizations for stresses.
On the grid ω p we define the discrete radial stress as
Discrete angular stress σ θθ is defined on ω u by
The operator A is approximated, using the discrete stresses, by
with c = (
We can then write a displacement formulation of A:
For all u, v ∈ H ωu , (Au, v) = (u, Av) and (Au, u) c A (u, u), with c A > 0. In order to discretize B, we introduce the operator
Note that for all p, q ∈ H 0,ωp , (Bp, q) = (p, Bq) and (Bp, p) c B (p, p), with c B > 0. In order to approximate the gradient and divergence we consider G : H 0,ωp → H ωu and D : H ωu → H 0,ωp given by (Gp) i = (pr) i i = 1, . . . , N, and
so that for all (u, p) ∈ H ωu × H 0,ωp we have
The semidiscrete approximation of problem (5) is the initial value problem for (u, p) :
Given (u 0 , p 0 ) ∈ H ωu × H ωp , a weighted two level scheme for the full discretization of (9) is
Then the solution of the difference equations (10), (11) satisfies
Proof. We consider the grid functions
For 0 m M − 1, we have 
Adding (13) and (14), we obtain 
Using the identity σξ + (1 − σ)ζ = 0.5(ξ + ζ) + (σ − 1/2)(ξ − ζ) in the expression of u , we obtain the inequality
and if σ 1/2 inequality (12) follows.
Lemma 1. For all s ∈ H ωu we have
Proof. For the case that n = 0, see [6] . For n = 1 we take into account that B δE to obtain the inequality with C = 6/δ. To prove this, note that 
In the case that n = 2 the result can be shown likewise with C = 64/δ. Proposition 2. Let u 0 and p 0 be O(h 2 ) approximations of u(., 0) and p(., 0), such that δu 0 = u 0 − u(., 0) ∈ H ωu , δp 0 = p 0 − p(., 0) ∈ H 0,ωp . Let us suppose that (4) has a smooth solution u(r, t) and p(r, t). Let (u m , p m ) be the solution of the difference scheme (10), (11) . For σ 1/2 the convergence result is
where q = 2 if σ = 1/2 or q = 1 if σ = 1/2 holds.
Proof. We consider the case that n = 0. By Taylor expansions we have
showing that the operator A is not consistent with the operator A in r = r N and is consistent of order one in r = r 1 . To prove that scheme (10), (11) is second order accurate, we introduce a new grid-function u m ∈ H ωu , defined by
(17)
where for smooth solutions ψ m+1 1
We split δ u m = w 
We also note that δ u 
where q = 2 if σ = 1/2 or q = 1 if σ = 1/2. From the definition of u m+1 and using that
ωp , we obtain the result.
From Proposition 2, convergence properties for displacements in the A-norm and for pressures in the discrete L 2 -norm follow. We now consider the convergence of pressure gradients or equivalently the convergence of pressure in the B-norm. 
Proof. From (18), (19) we have
which provides the inequality
If σ 1/2, taking α = 2a/τ and β = 2, we have
, and therefore
Using the order estimates for the approximation errors ψ n 1 , ψ n 2 and for the initial error δp 0 we obtain (22).
Numerical results
In this section we present the numerical results to illustrate the numerical performance of the discrete model we propose.
Example 1
The first test problem was proposed by Biot in [3] . It corresponds to a column of soil, bounded by impermeable and rigid lateral walls and bottom, supporting a unit load on the top, which is free to drain. The solution can be expressed as
This problem corresponds to the planar case, n = 0, and can be written as
where g(t) is such that (23) - (24) is the exact solution. To verify the rates of convergence we consider meshes of 40, 80, 160 and 320 nodes and increments of time, τ = t f /40, τ = t f /80, τ = t f /160 and τ = t f /320 where t f = 0.01 is a fixed time. Fig. 2 presents the error in the maximum and energy norm for pressure and displacements for a = 0.001 and σ = 0.5. The scale is logarithmic and convergence with order two of the difference scheme can be observed.
Example 2
In this second example we consider the problem
which for n = 0 corresponds to the one-dimensional flow through a deformable slab and for n = 1, 2 it corresponds to a section of a cylinder or a sphere with a fluid moving radially out from the centre. The scheme of the geometry and boundary conditions is given in Fig. 3 .
The outer boundary is constrained by a rigid body that offers no resistance to the passage of the fluid. Therefore the boundary conditions for the displacement and for the pressure are u = 0 and p = 0 respectively. In the interior of the cylinder or the sphere there is a prescribed pressure which produces a load stress on the inner boundary.
For an inner radius R 1 = 0.5 and parameters a = 0.001 andλ = 0.3, we compute the displacement and the pressure for the planar, cylindrical, and spherical cases.
The estimated error in the maximum norm is shown in Figs. 4, 5 for σ = 1/2. In all the cases, n = 0, 1, 2, a second-order accuracy for displacement, pressure, and stress are obtained. To estimate the errors, the double mesh technique is used, i.e., 
